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SUMMARY 

The research  on nonl inear  and opt imal  c o n t r o l  of p lane t -poin t ing  

space  v e h i c l e s ,  begun by Messrs. Busch, Almuzara, and Hales ,  cont inues  

wi th  new Ph.D. candida tes  under P ro fes so r  Flcgge-Lotz (Sec. A ) .  Bas ic  

s t u d i e s  of op t imal  c o n t r o l ,  under Professor  F rank l in ,  and s a t e l l i t e  

t r a j e c t o r y  s t u d i e s ,  under Professor  Breakwell ,  a l s o  cont inue  (Secs.  A 

and B ) .  

I n  September, Professor  Cannon began a one-year leave  of absence 

from t h e  Univers i ty  t o  a c t  a s  S c i e n t i f i c  Advisor t o  t h e  Chief of S t a f f  

of t h e  A i r  Force.  Consequently, h i s  r e sea rch  i s  suspended, and t h e r e  

i s  nothing t o  r e p o r t  f o r  him on t h i s  Grant f o r  t h e  cu r ren t  pe r iod .  
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A. NONLINEAR STUDIES, OPTIMAL CONTROL 
(S tud ie s  Supervised b y  P ro fes so r  FlGgge-Lotz) 

1. Optimal and Suboptimal Control of a S a t e l l i t e  i n  E l l i p t i c  O r b i t .  
Steady S t a t e  Considerat ion.  (Linear ized  Equat ions of Motion) 
(Ph.D. Research of W .  Boykin) 

D r .  R .  Busch developed a good suboptimal a c q u i s i t i o n  c o n t r o l  and 

has  spent  some thought on t h e  s teady  s t a t e  c o n t r o l  [Ref .  31. However, 

i f  keeping a c e r t a i n  f i x e d  a t t i t u d e  over a long t i m e  (one o r  two yea r s )  

a t  minimum f u e l  expense i s  d e s i r e d ,  f u r t h e r  s t u d i e s  were ind ica t ed .  

I n  view of t h e  d e s i r e d  high accuracy, M r .  W.  Boykin considered i n  

d e t a i l  t h e  f o r c e s  and t h e i r  torques due t o  t h e  c o n t r o l ,  t h e  g rav i t a -  

t i o n a l  a t t r a c t i o n  of t h e  e a r t h  and o t h e r  c e l e s t i a l  bodies ,  t h e  i n t e r -  

a c t i o n s  of t he  s a t e l l i t e  wi th  t h e  e a r t h ' s  atmosphere and magnetic 

f i e l d ,  and t h e  i n t e r a c t i o n s  of t h e  s a t e l l i t e  wi th  emissions from t h e  

sun and w i t h  meteoro ids .  

A search  was c a r r i e d  o u t  f o r  a feedback (and perhaps t ime-varying) 

c o n t r o l  s y s t e m  which would so lve  t h e  a t t i t u d e  s t a t i o n  keeping problem 

wi th  minimum c o n t r o l  e f f o r t .  A po in t ing  accuracy of r ad ians  

( o r  less) wi th  a r a t e  of r a d i a n s  per  second ( o r  less) was sought .  

The sea rch  was conducted wi th  t h e  a i d  of Pont ryagin ' s  Maximum 

P r i n c i p l e ,  ex t ens ions  of i t ,  t h e  theory  of t h e  s t a b i l i t y  of nonl inear  

systems,  and h igh  speed computational dev ices .  

The maximum p r i n c i p l e  was app l i ed  t o  t h e  s y s t e m  wi th  va r ious  c o s t  

f u n c t i o n a l s  which were f u n c t i o n a l s  of t h e  s t a t e s  a s  w e l l  a s  of t h e  

c o n t r o l  e f f o r t  . 
A sat of coi~tro: I c ~ a  Y : ~ S  nhtsined- The c o n t r o l  laws a r e  s imple 

enough f o r  implementation i n  the  near  f u t u r e .  

2. The Complete A t t i t u d e  Control  Problem f o r  an Ear th  S a t e l l i t e  i n  
E l l i p t i c  O r b i t .  (Ph.D. Research of G .  Wolske) 

I n  t h e  preceding S t a t u s  Report i t  was ind ica t ed  t h a t  t h e  compu- 

t a t i o n  of t h e  necessary  con t ro l  developed by Hales  needed t o o  much 

t i m e  and t h a t  t h e  i t e r a t i o n  procedure needed speeding up. A new Ph.D. 

cand ida te ,  M r .  G .  Wolske, has  s t a r t e d  t o  i n v e s t i g a t e  t h e  a v a i l a b l e  

p o s s i b i l i t i e s .  M r .  Wolske has spent  t h e s e  months i n  g e t t i n g  acquainted 
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w i t h  a l l  a s p e c t s  of t h e  problem: t h e  dynamics, t h e  c o n t r o l ,  t h e  compu- 

t a t i o n a l  procedures.  H e  s tud ied  a d d i t i o n a l  l i t e r a t u r e  t o  cons ider  

us ing  second v a r i a t i o n s .  

3. The V a l i d i t y  of L inea r i za t ion  i n  A t t i t u d e  Cont ro l .  (Ph.D. Research 
of F. Curtis) 

The opt imal  c o n t r o l  of two sys t ems  

I .  

11. 

1 j ;  + s i n  x = u ( t )  

wi th  IuI < A > 1 - -  
j i  + x = u ( t )  J 

T 
f o r  t h e  performance c r i t e r i o n  f IuI d t  +min s h a l l  be compared. 

The c o n t r o l  of t h e  l i n e a r  sys t em I1 i s  w e l l  known. M r .  Frank Curtis 

s t u d i e s  s y s t e m  I .  H e  has  been s tudying  t h e  opt imal  t r a j e c t o r i e s  and 

swi tch ing  sequences of t h e  p i t c h  equat ion  % + s i n  x = u of a s a t e l -  

l i t e  w i t h  bounded c o n t r o l  f o r  minimizing t h e  amount of f u e l  spent  i n  

zero ing  p o s i t i o n  and v e l o c i t y  d i s tu rbances .  The t i m e  al lowed t o  ze ro  

an  e r r o r  has  been restricted t o  T < n seconds which corresponds t o  

a requirement of less than half  an o r b i t .  

0 

- 

The concen t r a t ion  was on t h e  backward t i m e  t r a j e c t o r i e s  which 

c r o s s  t h e  x a x i s  (x = x -- a s i n g u l a r  l i n e  of t h e  governing 

a d j o i n t  equa t ions .  Resu l t s  inc lude  t h a t  a t  most two swi tch ings  occur  

b e f o r e  c r o s s i n g  t h i s  s i n g u l a r  l i n e  having two p o s s i b l e  swi tch ing  

sequences + A ,  0 ;  + A ,  0 ,  - A.  

1 1 

I n  t h e  ex tens ion  of t h e s e  t r a j e c t o r i e s  i n t o  t h e  upper h a l f  p lane ,  

t h e  c o n t r o l  may a l t e r n a t e  between - A and 0 wi th  t h e  pe r iods  of 

c o a s t i n g  being n e a r i y  centered aboui iiries l i e s c r - i L &  L y  

f = x = (2k + 1) n .  The t i m e  c o n s t r a i n t  T < - 'I[ l i m i t e d  backward 

t i m e  swi tch ing  sequences t o  [ +  A ,  0 ,  - A ,  0 ,  - A ]  a s  t h e  most 

g e n e r a l  w i th  a po r t ion  of t h i s  sequence being opt imal  f o r  i n i t i a l  

d i s t u r b a n c e s  s u f f i c i e n t l y  near t h e  o r i g i n .  Whereas a complete t i m e -  

vary ing  feedback c o n t r o l  law is y e t  t o  be found f o r  t h e  e n t i r e  r eg ion  

under cons ide ra t ion ,  t h e  poss ib l e  sequences of c o n t r o l  have been 

c h a r a c t e r i z e d .  

1 2 
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(S tudies  Supervised by P ro fes so r  F rank l in )  

4 .  Computation of Optimal Controls  by a Method Based on Second 
Var i a t ions  (Ph.D. Research of T. E.  Bullock) 

I n  t h e  Tenth Semiannual S t a t u s  Report [Ref .  41 ,  t h e  development 

of a c o n t r o l  op t imiza t ion  program based on second v a r i a t i o n s  was 

desc r ibed .  The f i r s t  s t a g e  of t h i s  development has  now been completed 

and a t e c h n i c a l  r e p o r t  g iv ing  d e t a i l s  i s  i n  p repa ra t ion .  This  r e p o r t  

i s  based on t h e  d o c t o r a l  research  of T. E .  Bul lock,  and w i l l  be i s sued  

i n  t h e  normal manner i n  t h e  near  f u t u r e .  

The f i n a l  s t e p  i n  t h i s  p a r t i c u l a r  r e sea rch  program cons i s t ed  of 

t h e  success fu l  computation of an opt imal  t r a j e c t o r y  t o  a low dimension 

t e rmina l  manifold.  The example used f o r  i l l u s t r a t i o n  of t h e  method 

was a mod i f i ca t ion  of t h e  problem us ing  Van d e r  P o l ' s  equat ion  o r i g i n a l l y  

suggested by  Merriam [Ref .  51. 

a r e  given by 

I n  t h i s  problem t h e  equat ions  of motion 

2 
i = x  1 

2 i = -x + (1 - x l )  x2 + u 
2 1 

The i n i t i a l  cond i t ions  a r e  taken t o  be x (0) = 1, x (0) = 0 and 1 2 
t h e  i n i t i a l  c o n t r o l  guess i s  u 0 .  The cos t  f u n c t i o n  i s  

5 

ana the f i n a i  vaiue cuiistrafiit 

Y = (1 - x + x 2 ) (  = 0 
5 1 

i s  imposed. 

The c o n s t r a i n t ,  which i s  a s c a l a r ,  r e q u i r e s  t h a t  t h e  t r a j e c t o r y  

t e rmina te  on a l i n e  i n  t h e  x x plane.  Th i s  r e q u i r e s  t h a t  one of 

t h e  a d j o i n t  v a r i a b l e s  i n  t h e  v a r i a t i o n a l  problem is  f i x e d  and t h e  

o t h e r  unknown a t  t h e  te rmina l  t i m e .  Furthermore,  t h e  s o l u t i o n  t o  t h e  

1' 2 
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' .  

mat r ix  R i c c a t i  equa t ion  needed t o  cons t ruc t  t h e  SeCQnd v a r i a t i o n s  

becomes s i n g u l a r  and unbounded a t  t h e  f i n a l  t i m e .  The development of 

a procedure wi th  

main r e s u l t  of t h i s  r e sea rch .  

11 second order"  convergence i n  t h i s  s i t u a t i o n  i s  t h e  

T r a j e c t o r i e s  of t h e  computer i t e r a t i o n s  a r e  shown i n  F ig .  1. As 

can be seen from t h e  f i g u r e ,  convergence i s  obtained i n  s i x  s t e p s  from 

an i n i t i a l  guess  which is  q u i t e  f a r  o f f .  A conjugate  poin t  i n  t h e  

a u x i l i a r y  problem was found on t h e  second (2) i t e r a t i o n  which was 

removed i n  t h e  t h i r d .  Th i s  i s  i n d i c a t e d  by t h e  f a c t  t h a t  t h e s e  two 

t r a j e c t o r i e s  have t h e  same i n i t i a l  segments but s e p a r a t e  i n  t h e  f i n a l  

p a r t ,  t h e  s e p a r a t i o n  t ak ing  p l a c e  near  t h e  x a x i s  i n  t h i s  ca se .  As 

i s  t y p i c a l  of t h i s  second-order method, a feedback c o n t r o l  f o r  neighbor- 

i n g  t r a j e c t o r i e s  i s  au tomat ica l ly  generated by t h i s  program. The co- 

e f f i c i e n t s  of t h i s  c o n t r o l  a r e  given i n  F ig .  2 .  

2 
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B.  SATELLITE ORBIT STUDIES 
(S tud ie s  Supervised by P ro fes so r  Breakwell)  

1. E a r t h - S a t e l l i t e  O r b i t s  i n  Resonance wi th  a Tesse ra l  P e r t u r b a t i o n  
(Ph.D. Research of J .  Vagners) 

An e s s e n t i a l l y  c i r c u l a r  o r b i t ,  per turbed by t e s s e r a l  a s  w e l l  a s  

zonal  harmonics of t h e  e a r t h ' s  g r a v i t a t i o n a l  f i e l d ,  w i l l  undergo 

resonant  p e r t u r b a t i o n s  if t h e  mean motion i s  s u f f i c i e n t l y  c l o s e  t o  an  

exac t  m u l t i p l e  of t h e  e a r t h ' s  r o t a t i o n  r a t e .  

t h e  c l a s s i c a l  nonl inear  pendulum shows t h a t  i n - t r ack  p o s i t i o n  can con ta in  

a l a r g e  long-period term accompanied by a smal l  ( i . e . ,  - 10 ) long- 

per iod f l u c t u a t i o n  i n  major-axis.  

A well-known analogy w i t h  

-3 

When a nonzero e c c e n t r i c i t y  i s  inc luded ,  t h e  usua l  long-period 

f l u c t u a t i o n s  due t o  zonal  harmonics must be modified t o  account f o r  

t h e  above major-axis  f l u c t u a t i o n  a s  w e l l  a s  f o r  e c c e n t r i c i t y  terms i n  
2 t h e  t e s s e r a l  pe r tu rb ing  func t ion  ( c a r r i e d ,  f o r  example, through e 1 .  

To o b t a i n  e x p l i c i t  formulas  f o r  t h e  co r rec t ed  long-period behavior ,  

t h e  e l l i p t i c  f u n c t i o n s  which describe t h e  pendulum-like o s c i l l a t i o n  

i n  in - t r ack  p o s i t i o n  and major-axis a r e  expanded i n  Four i e r  series, 

except  i n  t h e  neighborhood of t h e  " sepa ra t r ix"  which s e p a r a t e s  l i b r a t i o n  

from c i r c u l a t i o n ,  i n  which neighborhood t h e  f l u c t u a t i o n s  e s s e n t i a l l y  

come t o  a h a l t  near  t h e  uns t ab le  equ i l ib r ium,  and hyperbol ic  f u n c t i o n s  

of t i m e  a r e  convenient .  

2 .  Motion Near Earth-Moon L4 L i b r a t i o n  Po in t  (Ph.D. Research of 
H .  Schechtek) 

A modi f i ca t ion  has  been found of t h e  Breakwell-Pringle procedure 

[Ref .  61 f o r  ana lyz ing  t h e  main e f f e c t s  of non l inea r  terms i n  t h e  

equa t ions  f o r  motion near  . The mod i f i ca t ion  concerns t h e  manner 

i n  which shor t -per iod  o s c i l l a t o r y  terms a r e  removed from t h e  d i s t u r b i n g  

f u n c t i o n ,  l eav ing  only  near-resonant terms a r i s i n g  e i ther  from t h e  

near-commensurability of t h e  l i n e a r i z e d  free o s c i l l a t i o n s  ( i n t e r n a l  

resonance)  o r  from near-commensurability wi th  t h e  dominant s o l a r  

p e r t u r b a t i o n  ( e x t e r n a l  resonance) .  The modified procedure f o r  t h e  

i n t e r n a l  problem i n s u r e s  t h a t  t h e  shor t -per iod  p o s i t i o n  and v e l o c i t y  

L4 
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c o r r e c t i o n s  a r e  polynomials i n  t h e  l i n e a r i z e d  expres s ions ,  a s  i n  t h e  

r e c e n t  work [Ref .  71 by D e p r i t ,  Henrard and Rom. Indeed,  subsequent 

removal of t h e  remaining (long-period) o s c i l l a t o r y  terms w i l l  ag ree  

up  t o  second o r d e r  wi th  Depr i t ’ s  double  d’Alembert series f o r  t h e  two- 

dimensional  problem without s o l a r  pe r tu rba t ion .  The modified compu- 

t a t i o n s  f o r  p e r i o d i c  o r b i t s  near L4 
expected t o  agree  r a t h e r  w e l l ,  a t  l e a s t  f o r  t hose  o r b i t s  which remain 

w i t h i n  say  50,000 km of 

Depr i t .  Such was not  t h e  c a s e  f o r  t h e  o r b i t s  computed i n  t he  o r i g i n a l  

Breakwell-Pringle paper [Ref .  61. 

i n  t h e  r e s t r i c t e d  problem a r e  

L4, with  t h e  numerical i n v e s t i g a t i o n s  of 

When t h e  s o l a r  pe r tu rba t ion  is  inc luded ,  a s t a b l e  equi l ibr ium i n  

t h e  long-period v a r i a b l e s  has  now been found f o r  a two-dimensional 

d e s c r i p t i o n ,  i n  which t h e  slower f r e e  mode i s  not p re sen t .  Computations 

a r e  i n  progress  f o r  t h e  nonl inear  coupl ing terms wi th  t h e  out-of-plane 

motion, a l s o  exc i t ed  by t h e  sun. I f  t h e  s t a b l e  equi l ibr ium of t h e  two- 

dimensional  model c a r r i e s  over  t o  t h e  ( c o r r e c t )  three-dimensional  

d e s c r i p t i o n ,  nearby po in t s  i n  t h e  phase-space w i l l  correspond t o  i n i t i a l  

cond i t ions  l ead ing  t o  motions which remain i n  some neighborhood of 

f o r  an  i n d e f i n i t e  per iod of t i m e ,  a t  l e a s t  i f  t h e  corresponding l i n e a r -  

i zed  motion i s  not  excess ive ly  l a r g e .  

L4 
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C. OTHER ACTIVITIES 

Pro fes so r  Cannon has taken a one-year leave  

S c i e n t i f i c  Advisor t o  t h e  Chief of S t a f f  of t h e  

resume h i s  r e s p o n s i b i l i t i e s  a t  t h e  Univers i ty  i n  

of absence t o  a c t  a s  

i r  Force.  H e  w i l  

September 1967. 

The f o u r  p ro fes so r s  p a r t i c i p a t i n g  i n  t h i s  gran t  a l l  a t tended  t h e  

A I M  S p e c i a l i s t  Conference i n  Guidance and Control  and t h e  J o i n t  

Automatic Control  Conference i n  S e a t t l e  i n  August of t h i s  yea r .  One 

Stanford paper was presented a t  t hose  meetings [Ref .  81. Other  r e sea rch  

w i l l  be repor ted  i n  t h e  usua l  manner [Ref .  9 ,101.  

P ro fes so r s  Fliigge-Lotz and F r a n k l i n  a t tended  t h e  Con t rac to r ' s  

Symposium on Control  Theory a t  MSFC, H u n t s v i l l e ,  September 19-21. The 

symposium was sponsored by t h e  A s t r i o n i c s  Laboratory d i r e c t e d  by 

D r .  Haeussermann. D r .  J.  H .  George was t h e  coord ina to r .  Resu l t s  of 

t h e  S tanford  r e sea rch  on t h i s  g ran t  were presented a t  t h e  symposium. 

P ro fes so r  Breakwell a t tended t h e  AAS Denver Conference, J u l y  6-8, 

and co-authored two papers [Ref.  11,121. H e  a t tended  t h e  Guidance 

Theory and T r a j e c t o r y  Analysis  Meeting a t  ERC, Boston, September 28-29. 

P ro fes so r  F rank l in  has  been e l e c t e d  t o  t h e  Adminis t ra t ive  

Committee of t h e  Group on Automatic Control  of IEEE.  H e  i s  a l s o  
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